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Abstrat
The purpose of the present paper is the analysis of a model desribing how herd
behaviour and self-fullling propheies an inuene urreny exhange rates, and
what the impat of a urreny transation tax would be. These onsiderations
yield a stohasti dierential equation that an be studied using the methods of
innitesimal analysis. We will show, using a suitable notion of unfairness for dis-
ounted prie proesses whih measures the distane from being a martingale, that
the fairest tax rate is the maximal one subjet to the ondition that it does not
aet real-eonomi speulation.
1 Introdution
The speulative bubbles of the 1990's have led to the question whether there is
an intrinsi tendeny to herd behaviour on the nanial markets. Coros et al [4℄
have analysed these phenomena from a miroeonomi point of view, modelling the
behaviour of bullish and bearish traders; their model is time-disrete, but admits
a limit in whih the proportion of bullish traders is deterministi. As a very reent
study in the general theory of herding we refer to Drehmann, Oehssler and Roider
[6℄.
Our model for the behaviour of the pre-rash stok prie will be time-ontinuous.
However, we do not lose the explanatory advantages of a disrete model, sine there
is a straightforward hypernite analogue to the stohasti dierential equation that
we assume as a model, and the standard part of this hypernite objet solves the
SDE. It is a fairly basi model whih assumes exponential growth of the bubbles.
Whilst the model devised by Coros et al [4℄ entails exponential growth of the
bubbles at the beginning, their model predits that bullish behaviour prompts sin-
gularities whih will be muted to a haoti behaviour due to bearish agents. In our
model, we assume that one the bubble has been reognised as not being justiable
in terms of real-eonomi data, an exponential derease in the stok prie is going
to our.
To the knowledge of the author, no attempt has been made so far to develop
quantitative notions of unfairness for prie proesses. In a forthoming paper, suit-
able measures of unfairness will be investigated in more detail.
Our proofs will employ tehniques from nonstandard analysis; these have already
been suessfully applied to mathematial nane in the work of Cutland, Kopp and
Willinger [5℄.
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2 The basi model
As was pointed out in the introdution, the pre-rash stok-prie proess shall be
onsidered. For this purpose, α : R→ R will be a pieewise onstant funtion suh
that
α = α(1) > 0 on (0,+∞), α = α(−1) < 0 on (−∞, 0).
We assume that the logarithmi disounted prie proess x(υ) is governed, given
some initial ondition, by the stohasti dierential equation
dx
(υ)
t = α
(
x
(υ)
t −
∑
u∈I
pu · x
(υ)
(t−u)∨0
)
χ{∣∣∣x(υ)t −∑u∈I pu·x(υ)(t−u)∨0
∣∣∣≥υ}dt (1)
+σ · dbt −
σ2
2
dt,
where r > 0 is the logarithmi disount rate, b is the one-dimensional Wiener
proess, (pu)u∈I is a onvex ombination  i.e. I ⊂ (0,+∞) is nite, ∀u ∈
I pu > 0 and
∑
u∈I pu = 1. The parameter υ depends very muh on the tax rate
we assume. If ρ is the logaritmi tax rate and T the expeted time during whih
one will hold the asset (that is the expeted duration of the upward or downward
tendeny of the stok prie), one an ompute υ as follows:
υ = T · ρ.
This, of ourse is rst of all only a formal equation that  thanks to the boundedness
of α  an be made rigorous using the theory of stohasti dierential equations
developed by Hoover and Perkins [9℄ or Albeverio et al [2℄ for instane. We will
introdue the following notation:
ψ(υ) := χ{|·|≥υ} · α.
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3 How to minimise unfairness
Denition 3.1. For any stohasti proess y on an adapted probability spae
(Γ,G,Q), we dene the integral
m (y,Γ) :=
∫ 1
0
EQ
∣∣∣∣ 1yt
d
du
∣∣∣∣
u=0
E [yt+u | Gt]
∣∣∣∣ dt
(if existent) to be the omplete-market unfairness of y. Whenever the derivative
does not exist on a set of positive λ1 ⊗Q-measure, we set m (y,Γ) = +∞.
Intuitively, this funtion measures how often (in terms of time and probability)
and how muh it will be the ase that one may expet to obtain a multiple (or a
fration) of one's portfolio simply by selling or buying the stok under onsideration.
More general notions of unfairness will be studied as part of a forthoming
paper. We will onne our attention to the properties of the notion of unfairness
just dened and state the following immediate result whih justies the name if
we aept the ommon view that martingales orrespond to fair games (alluding to
the well-known as well as intuitively plausible equivalene between non-existene of
arbitrage and the martingale property of the disounted prie proess).
Lemma 3.1. For all semimartingales z on an adapted probability spae (Γ,G,Q),
z is a martingale if and only if m(z,Γ) = 0. Moreover, m(·,Γ) remains un-
hanged under multipliation by onstants.
In order to study m, it is advisable to resort to nonstandard methods, for the
relatively large number of limit proesses involved in the defnition of m annot be
expeted to ease a standard analysis of m's properties.
First of all we derive a formula that makes it easier to atually ompute m in
our onrete setting:
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Lemma 3.2. If x(υ) satises (1) for some υ > 0 on an adapted probability spae
(Γ,G,Q), then the disounted prie proess
(
exp
(
x
(υ)
t
)
: t ≥ 0
)
is of nite un-
fairness. More speially,
m
(
exp
(
x(υ)
)
,Γ
)
=
∫ 1
0
E
[∣∣∣∣∣ψ(υ)
(
x
(υ)
t −
∑
i∈I
pix
(υ)
(t−i)∨0
)∣∣∣∣∣
]
dt
=
∫ 1
0
E
[∣∣∣∣ ddu
∣∣∣∣
u=0
E
[
x
(υ)
t+u
∣∣∣Gt]+ σ2
2
∣∣∣∣
]
dt
Proof. The proof is more or less a formal alulation, provided one is aware
of the path-ontinuity of our proess and the fat that the ltrations gener-
ated by b and x(υ) are idential. For this implies that, given t > 0, the value
ψ(υ)
(
x
(υ)
t+u −
∑
i∈I pix
(υ)
(t+u−i)∨0
)
(ω) does not hange within suiently small
times u  almost surely for all those paths ω where x
(υ)
t (ω)−
∑
i∈I pix
(υ)
(t−i)∨0(ω) /∈
{±υ}, this ondition itself being satised with probability 1. Now, using this
result and the martingale property of the quotient of the exponential Brownian
motion and its exponential braket, we an dedue that for all t > 0 almost
4
surely:
1
exp
(
x
(υ)
t
) d
du
∣∣∣u=0E [exp(x(υ)t+u)∣∣∣Gt]
=
d
du
∣∣∣u=0E [exp(x(υ)t+u − x(υ)t )∣∣∣Gt]
=
d
du
∣∣∣∣∣u=0 exp
(
ψ(υ)
(
x
(υ)
t −
∑
i∈I
pix
(υ)
(t−i)∨0
)
u
)
·E
[
exp
(
σbt+u −
σ2
2
(t+ u)−
(
σbt −
σ2
2
t
))∣∣∣∣Gt
]
=
d
du
∣∣∣∣∣u=0 exp
(
ψ(υ)
(
x
(υ)
t −
∑
i∈I
pix
(υ)
(t−i)∨0
)
u
)
·E
[
exp
(
σbt+u −
σ2
2
(t+ u)
)∣∣∣∣Gt
]
exp
(
−σbt +
σ2
2
t
)
=
d
du
∣∣∣∣∣u=0 exp
(
ψ(υ)
(
x
(υ)
t −
∑
i∈I
pix
(υ)
(t−i)∨0
)
u
)
· 1
= ψ(υ)
(
x
(υ)
t −
∑
i∈I
pix
(υ)
(t−i)∨0
)
.
Analogously, one may prove the seond equation in the Lemma: For, one
readily has almost surely
d
du
∣∣∣u=0E [x(υ)t+u∣∣∣Gt]
=
d
du
∣∣∣∣∣u=0
(
E
[
ψ(υ)
(
x
(υ)
t −
∑
i∈I
pix
(υ)
(t−i)∨0
)
u
∣∣∣∣∣Gt
]
−
σ2
2
u+ x
(υ)
t
)
= ψ(υ)
(
x
(υ)
t −
∑
i∈I
pix
(υ)
(t−i)∨0
)
−
σ2
2
In order to proeed from these pointwise almost sure equations to the assertion
of the Theorem, one will apply Lebesgue's Dominated Convergene Theorem,
yielding
m
(
exp
(
x(υ)·
)
,Γ
)
=
∫ 1
0
E
[∣∣∣∣ ddu
∣∣∣∣
u=0
E
[
x
(υ)
t+u
∣∣∣Gt]
∣∣∣∣
]
dt.
For nite hypernite adapted probability spaes, an elementary proof for the
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main Theorem an be ontrived:
Lemma 3.3. For any hypernite number H we will let X(υ) for all υ > 0
denote the solution to the hypernite initial value problem
X
(υ)
0 = 0,
∀t ∈
{
0, . . . , 1−
1
H !
}
X
(υ)
t+ 1H!
−X
(υ)
t
= α
(
X
(υ)
t −
∑
u∈I
pu ·X
(υ)
(t−u)∨0
)
χ{∣∣∣X(υ)t −∑u∈I pu·X(υ)(t−u)∨0
∣∣∣≥υ} ·
1
H !
(2)
+σ · πt+ 1H! ·
1
(2H !)1/2
−
σ2
2
1
H !
(where πℓ/H! : Ω = {±1}
H! → {±1} is for all hypernite ℓ ≤ H ! the proje-
tion to the ℓ-th oordinate) whih is just the hypernite analogue to (1). Using
this notation, and onsidering a nite (rather than merely hypernite) adapted
probability spae of mesh size H !, one has for all k < H !,
∑
k<H!
E
∣∣∣∣X(τ)k/H! − E [X(τ)k+1
H!
∣∣∣Fk/H!]− σ2
2
1
H !
∣∣∣∣
≤
∑
k<H!
E
∣∣∣∣X(υ)k/H! − E [X(υ)k+1
H!
∣∣∣Fk/H!]− σ2
2
1
H !
∣∣∣∣
for all τ ≥ υ. As a onsequene, m
(
X(·),Ω
)
is monotonely dereasing for all
nite adapted probability spaes Ω = {±1}H!.
By transfer to the nonstandard universe, we will obtain the same result for
innite hypernite H as well.
Proof of Lemma 3.3. The proof of this Lemma relies on exploiting the assump-
tion that α is pieewise onstant, sine α = α(1)χ(0,+∞) + α(−1)χ(−∞,0) +
6
α(0)χ{0} yields
∀k < H ! ∀υ > 0
E
[
X
(υ)
k+1
H!
∣∣∣Fk/H!]−X(υ)k
H!
+
σ2
2
1
H !
=
1
H !
α
(
X
(υ)
k/H! −
∑
u∈I
pu ·X
(υ)
( kH!−u)∨0
)
χ{∣∣∣∣∣X(υ)k/H!−∑u∈I pu·X(υ)( kH!−u)∨0
∣∣∣∣∣≥υ
}
=
1
H !


α(1)χ{
X
(υ)
k/H!
−∑u∈I pu·X(υ)( kH!−u)∨0≥υ
}
+α(−1)χ{
X
(υ)
k/H!
−∑u∈I pu·X(υ)( kH!−u)∨0≤−υ
}

 ,
whih immediately follows from the onstrution of Anderson's random walk [3℄
B· = 1√2H!π· and the reursive dierene equation dening the proess X
(υ)
.
However, this last equation implies
∀k < H ! ∀υ > 0
E
∣∣∣∣E [X(υ)k+1
H!
∣∣∣Fk/H!]−X(υ)k
H!
+
σ2
2
1
H !
∣∣∣∣
=
1
H !
E
∣∣∣∣∣∣∣∣∣∣∣
α(1)χ{
X
(υ)
k/H!
−∑u∈I pu·X(υ)( kH!−u)∨0≥υ
}
+α(−1)χ{
X
(υ)
k/H!
−∑u∈I pu·X(υ)( kH!−u)∨0≤−υ
}
∣∣∣∣∣∣∣∣∣∣∣
=
1
H !


|α(1)|P
{
X
(υ)
k/H! −
∑
u∈I pu ·X
(υ)
( kH!−u)∨0
≥ υ
}
+ |α(−1)|P
{
X
(υ)
k/H! −
∑
u∈I pu ·X
(υ)
( kH!−u)∨0
≤ −υ
}

 .
Now all that remains to be shown is that
∑
k<H! P
{
X
(υ)
k/H! −
∑
u∈I pu ·X
(υ)
( kH!−u)∨0
≥ υ
}
and
∑
k<H! P
{
X
(υ)
k/H! −
∑
u∈I pu ·X
(υ)
( kH!−u)∨0
≤ −υ
}
are monotonely dereas-
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ing in υ. The former statement is a onsequene of the following assertion:
∀υ′ ≤ υ∀ℓ < H !
∑
k≤ℓ
P
{
X
(υ)
k/H! −
∑
u∈I
pu ·X
(υ)
( kH!−u)∨0
≥ υ
}
≤
∑
k≤ℓ
P
{
X
(υ′)
k/H! −
∑
u∈I
pu ·X
(υ′)
( kH!−u)∨0
≥ υ′
}
(3)
One an prove this estimate by onsidering the minimal ℓ suh that the pointwise
inequality
∑
k≤ℓ
χ{
X
(υ)
k/H!
−∑u∈I pu·X(υ)( kH!−u)∨0≥υ
}
≤
∑
k≤ℓ
χ{
X
(υ′)
k/H!
−∑u∈I pu·X(υ′)( kH!−u)∨0≥υ′
}
(4)
fails to hold. Then one has an ω ∈ Ω suh that
∀k < ℓ χ{
X
(υ)
k/H!
−∑u∈I pu·X(υ)( kH!−u)∨0≥υ
} (ω)
= χ{
X
(υ′)
k/H!
−∑u∈I pu·X(υ′)( kH!−u)∨0≥υ′
} (ω), (5)
1 = χ{
X
(υ)
ℓ/H!
−∑u∈I pu·X(υ)( ℓH!−u)∨0≥υ
} (ω), (6)
0 = χ{
X
(υ′)
ℓ/H!
−∑u∈I pu·X(υ′)( ℓH!−u)∨0≥υ′
} (ω). (7)
But equation (5) implies, via the dierene equation for X(·) (2), indutively in
k the relation
∀k < ℓ Xυk (ω) = X
υ′
k (ω).
If one ombines this with
1 = χ{
X
(υ)
ℓ/H!
−∑u∈I pu·X(υ)( ℓH!−u)∨0≥υ
} (ω)
(whih is equation (6)) and υ ≤ υ′, one an derive  again via the reursive
dierene equation (2)  that X
(υ′)
ℓ/H! ≥ X
(υ)
ℓ/H! applied in t =
ℓ
H! ) as well as the
8
estimates
χ{
X
(υ′)
ℓ/H!
−∑u∈I pu·X(υ′)( kH!−u)∨0≥υ′
} (ω) = χ{
X
(υ′)
ℓ/H!
−∑u∈I pu·X(υ)( ℓH!−u)∨0≥υ′
} (ω)
≥ χ{
X
(υ)
ℓ/H!
−∑u∈I pu·X(υ)( ℓH!−u)∨0≥υ′
} (ω)
≥ χ{
X
(υ)
ℓ/H!
−∑u∈I pu·X(υ)( ℓH!−u)∨0≥υ
} (ω)
= 1.
This ontradits equation (7). Hene, the estimate (4) has been established for
all k < H !, leading to (3).
Similarly, one an prove
∀υ′ ≤ υ∀ℓ < H !
∑
k≤ℓ
P
{
X
(υ)
k/H! −
∑
u∈I
pu ·X
(υ)
( kH!−u)∨0
≤ −υ
}
≤
∑
k≤ℓ
P
{
X
(υ′)
k/H! −
∑
u∈I
pu ·X
(υ′)
( kH!−u)∨0
≤ −υ′
}
whih entails that
∑
k<H! P
{
X
(υ)
k/H! −
∑
u∈I pu ·X
(υ)
( kH!−u)∨0
≤ −υ
}
must be mono-
tonely dereasing in υ.
Using nonstandard analysis and the model theory of stohasti proesses as
developed by Keisler and others [8, 10, 7℄, we an prove the following result:
Theorem 3.1. Suppose
(
y(υ) : υ > 0
)
is a family of stohasti proesses on
an adapted probability spae Γ suh that y(υ) solves the stohasti dierential
equation (1) formulated above for all υ > 0. Then the funtion σ 7→ m
(
y(σ),Γ
)
attains its minimum on [0, S] in S.
Proof. By the previous Lemmas 3.3 and the formula for m from Lemma 3.2, the
assertion of the Theorem holds true for nite adapted probability spaes. By
9
transfer to the nonstandard universe, we obtain the same result internally for
hypernite adapted spaes. Now, aording to results by Hoover and Perkins
[9℄ as well as Albeverio et al [2℄, the solution X(υ) of the hypernite initial value
problem (2) is a lifting for the solution x(υ) of (1) on a hypernite adapted spae
for any υ ≥ 0. Now, y 7→ m (y,Ω) is the expetation of a onditional proess
in the sense of Fajardo and Keisler [7℄. Therefore, due to the Adapted Lifting
Theorem [7℄, we must have
∀υ ≥ 0 ◦m
(
X(υ),Ω
)
= m
(
x(υ),Ω
)
(where we identify m with its internal analogue when applied to internal pro-
esses). Sine the internal equivalent of the Theorem's assertion holds for inter-
nal hypernite adapted spae, the previous equation implies that it is also true
for Loeb hypernite adapted spaes.
Now let
(
y(υ) : υ > 0
)
be a family of proesses on some (not neessarily hy-
pernite) adapted probability spae Γ with the properties as in the Theorem.
Beause of the universality of hypernite adapted spaes [7, 10℄, we will nd a
proess x(υ) on any hypernite adapted spae Ω suh that x and y are automor-
phi to eah other. This implies [2℄ that x(υ) satises (1) as well. Furthermore,
as one an easily see using Lebesgue's Dominated Convergene Theorem,
∀υ > 0 m
(
x(υ),Ω
)
= m
(
y(υ),Γ
)
.
Due to our previous remarks on the solutions of (1) on hypernite adapted
spaes, this sues to prove the Theorem.
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4 Conlusions
We have introdued a suitable notion of the unfairness whih a disounted asset
prie proess might have (whether this proess deserves to be alled prie even
though it is not a martingale is a question of terminology, we are onerned with the
atual observed amount of money to be paid at a stok exhange). We also have
assumed a model of urreny pries where extrapolation from the observed behaviour
of other agents is, up to white noise and onstant ination, ompletely aounts for
the development of the urreny prie. In analogy to a Nash equilibrium, we assume
that every agent is ating in suh a manner that he gains most if all other agents
follow his pattern. In our model this pattern will onsist in using some average value
of past urreny pries as a sunspots, that is a proxy for a general pereption that
depreiation or appreiation of the partiular urreny in question is due.
In addition, we have assumed that a transation tax of onstant rate has to be
paid for some urreny transations. Needless to say, it is in many ases diult to
determine and establish beyond doubt whether a partiular urreny transation was
based on rigorous analysis of fundamental eonomi data or merely on expetations
on the market. It is therefore reasonable to demand that there be a moderate
upper bound on any urreny transation tax rate suh that the transation tax
does not prevent any speulation based on fundamental eonomi data (as opposed
to speulation on the behaviour of fellow traders).
In suh a setting we have proven that as long as one does not exeed the
said upper bound, any rise in the urreny transation tax enhanes fairness of the
urreny market in the tehnial sense of Denition 3.1.
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